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Abstract: We apply Sen's entropy formalism to the study of the near horizon 
geometry and the entropy of asymptotically AdS black holes in gauged supergravities. 
In particular, we consider non-supersymmetric electrically charged black holes with 
AdS2 X 5*^"^ horizons in U{1)^ and U{1)^ gauged supergravities in d = 4 and d = 5 
dimensions, respectively. We study several cases including static/rotating, BPS and 
non-BPS black holes in Einstein as well as in Gauss-Bonnet gravity. In all examples, 
the near horizon geometry and black hole entropy are derived by extremizing the 
entropy function and are given entirely in terms of the gauge coupling, the electric 
charges and the angular momentum of the black hole. 
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1. Introduction 

The study of black hole thermodynamics has played a central role in the development 
of our current notions of holography in gravity. In this line of thinking, black holes are 
viewed as thermodynamic objects at equilibrium with a temperature and an entropy. 
A simple analysis of this thermodynamic system leads to the remarkable Bekenstein- 
Hawking formula for the black hole entropy. This formula relates the entropy of the 
black hole to the area of its horizon and it suggests that the microscopic degrees of 
freedom of the black hole can be described by a "dual" quantum mechanics living 
on the horizon. This is further supported by the discovery of AdS / CFT dualities [1] 
that relate gravity on AdS spaces and gauge theories living on the AdS boundary. 
These observations drastically simplify the study of black hole physics, since the 
geometry of the horizon is typically much simpler than that of the full solution. 
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Even in theories with scalar fields and a large number of moduli - asymptotic values 
of massless scalars at infinity scalars are attracted at the black hole horizon to 
special values and the full geometry is entirely determined in terms of the black 
hole charges. This is referred as the attractor mechanism [2-5] . Originally discussed 
in the context ol N — 2 black holes the attractor mechanism has been recently 
extended in many directions, including non-supersymmetric and higher derivative 
gravity theories [6-19]. The results show that the attractor mechanism is a universal 
issue of any gravity theory. 

In [20], A. Sen introduced a unifying formalism, the entropy formalism, that de- 
scribes the attractor equations and black hole entropy in a general non-supersymmetric 
and higher derivative gravity theory. In this formalism, the near horizon geometry is 
determined by extremizing a single function F, the entropy function. The entropy of 
the black hole is given by the value of F at the extremum. The function F is defined 
by the Legendre transform with respect to the black hole charges of the gravity action 
evaluated at the horizon. More precisely, the gravity action is first evaluated at a trial 
background geometry with volumes and scalar/gauge field profiles parametrized by a 
finite number of parameters. These parameters are then determined by extremizing 
the entropy function F. The formalism has been successfully applied to the study of 
general non-supersymmetric asymptotically fiat black holes in various supergravity 
settings [21-32]. 

The aim of this paper is to extend this analysis to the study of asymptotically 
AdS black holes in gauged supergravities. According to holography [1] the entropy 
of black holes in AdS spaces is related to the free energy of the dual gauge theory 
living on the AdS boundary, see [33-38] . To pursue the study of these holographic 
correspondences a detailed knowledge of the black hole near horizon data is required. 
To derive explicit formulas for the attractor geometry and for the entropy of AdS 
black holes is one of the main motivations of the present work. 

Black holes in gauged supergravities are different from those in Poincarc super- 
gravities in many respects. First, in the gauged theory the asymptotic values of the 
scalar fields at infinity are typically fixed at the minimum of a scalar potential. The 
moduli space is therefore reduced and often empty. Still once charges are placed on 
AdS a, even scalars fixed at infinity fiow at the horizon to a different fixpoint specified 
completely by the black hole charges. I.e. the attractor mechanism now describes a 
flow between two fixpoint geometries. Second, it is well known that asymptotically 
AdS black hole solutions with regular horizons are always non-supersymmetric un- 
less a non-trivial angular momentum is turned on. This is very different from the 
Minkowski case where BPS static solutions are quite common. Our analysis here 
explores both non-supersymmetric static and rotating black hole solutions. 

We apply the entropy formalism to non-supersymmetric black holes with near 
horizon geonietry AdS2 x 5''^" in d ~ A, b^. Black holes with these type of horizons 
^More precisely, in the case of rotating black holes the horizons are described by a "squashed 
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have always zero temparature (with coinciding inner and outer horizons) but they are 
in general non-supersymmetric. For concreteness we focus on the U{1)^ and U{1)^ 
gauged supergravities in d = 4 and d = 5, respectively. These theories can be embed- 
ded into the maximal gauged supergravities with gauge groups SO (8) and 5*0(6), 
respectively, following from compactifications of M-theory and type IIB theory on 
AdS^ X S*^ and AdS^ x S^, respectively. Black holes in these gauged supergravities 
have been extensively studied and classified in full generality in the literature [39-50] 
(see [51] for a review and a list of references). In the case of Einstein gravity, the 
solutions derived here via the entropy formalism follow from these general solutions 
by taking the zero temperature limit. Our focus here is on the near horizon geometry 
and black hole entropy. 

We test the entropy formalism in a number of examples, including static/rotating 
black holes with or without supersymmetry in Einstein as well as Gauss-Bonnet 
gravity. In each case we show that the attractor geometry follows from extremization 
of the entropy function. In the case of Einstein gravity the entropy function output 
will be shown in agreement with the Bekenstein-Hawking formula as expected. 

The entropy formalism is particularly efficient in the study of black holes in 
higher derivative gravity. Higher derivative corrections to black hole entropies in 
rigid supergravities were first studied in [52-55]. Higher derivative corrections to 
asymptotically AdS black holes in Gauss-Bonnet gravity were studied in [56]. More 
recently in [57] the authors consider several examples of higher derivative terms and 
derive the first corrections to the Schwarzschild AdS black holes. Here we consider 
the Einstein-Maxwell system in the presence of a Gauss-Bonnet term and derive 
exact expressions for the near horizon geometry and the black hole entropy. 

The paper is organized as follows: In sections 2 and 3 we consider non-rotating 
asymptotically AdS black holes in f/(l)'^ and f/(l)^ gauged supergravities in d = 4 
and d = 5, respectively. In section 4 we apply the entropy formalism to rotating 
black holes in ci = 5 gauged supergravity. The study of higher derivative corrections 
is sketched in section 5 for the Gauss-Bonnet type of interactions in the Maxwell- 
Einstein system in d = 4, 5 dimensions. In Section 6 we summarize our results and 
draw some conclusions. Appendix ^ contains a discussion on the normalization of 
the physical charges used in the main text. Appendix ^ presents the link between 
our AdS2 X S"*^"^ solutions and zero temperature limits of the general black hole 
solutions. 

2. AdS4 static black holes 

We start by considering f/(l)^ gauged supergravity in four dimensions. This theory 
follows from a truncation of the maximal = 8, 5*0(8) gauged supergravity [58] 

AdS2 X S'^^'^" rather than a tensor product geometry. 
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down to the Cartan subgroup of SO (8). The bosonic action can be written as [41]: 
S = / d'x V^[R- \XjFl,F^^' - \ Xf d,Xi d^Xj-V] , (2.1) 



with / 



4, and 



(2.2) 



KJ 



The equations of motion derived from this lagrangian are: 
R^ll^ ~ ^Xj F^^ F^'^ — ^Xj'^d^Xi d^Xj — ^ (^R — jX] F^"^ — ^ {Xj^^dXiY — V)=0 
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{lX^F''+'^{Xy'dXjf + V)=0 



SXj 

d,{^X]F^''') = 0. (2.3) 
We look for non-rotating black hole solutions with AdS2 x S"^ near horizon geometry 



ds^ = vi(^-r'^ dt^ + + V2 dVL2 , 
Xi = ui , = —6/ r dt , Fq.^ = ej , 

dn2 = {de^ + sin^ dcf) 0<^<7r O<0<27r 



(2.4) 



with constants ui,ei,Va, and U4 = l/{uiU2U3). 

The attractor equations determining the constants ui,Va,ei at the black hole 
horizon are efficiently described by the so called entropy formalism [20]. One starts by 
evaluating the supergravity action (integrated on the S"^ horizon) in the background 



fie,v,u) 



-gC{e,v,u) 



[2.5) 



with C{e,{f,u) the Lagrangian density evaluated on the ansatz ( |2.4|) . The entropy 
function F{q, e, v, u) is then defined as the Legendre transform of / with respect to 
the charges ej, i.e. 



F(g, e, V, u) = 2tx aq^ - /(e, v, u) 



2-n 



I V1V2 



22^ M?e? , 2>r^ 
V, V2 



• (2.6) 



The near horizon geometry can be found by extremizing the entropy function F{q, e, v, u) 
wity respect to e, v, and u\ 

dF _ dF _ dF 
dva duj dej 



. 



[2.7) 
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The first two equations ensure that the metric and the scalar field equations of motion 
are satisfied, while the last equation defines the black hole electric charges 



(1 = ^j{e,v,u) = — UjCj 



V / X]*F^. (2.8) 



6ei AG^iVi IGtt 

In the following we will take G4 = | in such a way that the charges q^ are normalized 
to be integers. This normalization is determined in Appendix ^ by matching the 
physical charge units here with those coming from string theory brane setups. The 
Gi dependence can be restored by the rescaling ( |A.(j| ) of the physical charges q^ . 

Evaluating the entropy function F at the extremum (eo(g), 'yo(^)) Uo{q)) one finds 
the entropy of the corresponding black hole solution as a function of the electric 
charges q: 

SBuiq) = F{q, eo(g), vo{q), uoiq)) ■ (2.9) 



In practice, the relations ( |2.8|) are highly nonlinear and generically hard to invert, 
therefore we will often choose to give an implicit parametrization of the black hole 
solution, its entropy, and the electric charges q^ in terms of ^1,2,3 and V2 rather than 
expressing the entropy directly in terms of the four physical charges q^ . 

It is important to stress that the entropy function formalism applies to (in gen- 
eral non-supersymmetric) higher derivative Lagrangians that depend only on the 
Riemann and the stress energy tensor but not on their covariant derivatives. In this 
section we consider Einstein gravity, while higher derivative corrections to black hole 
entropies will be considered in section |^. 

2.1 The solution 

As we mentioned in our preliminary discussion, it is often easier to solve equations 
( p.7|) , ( p.8|) implicitly in terms of a set of independent parameters rather than in 
terms of the four charges q^ . We choose parameters fij to parametrize the fixed 
value scalars Mi,2,3 and the sphere volume V2'- 

= (/zi^2^3/i4)V^ ' = iV^^^TwI , (2.10) 

Plugging ( p.lOp into ( p.7|) and solving for the remaining variables, one finds the 
general solution: 



^1 = ^ — T^?^ > e/ 



1 + Ej<K ^^Jl^K ' 2/i/ (1 + Y.j<K ^^J^^K) 



q^ = HiJ^+9^J2i^j<K^if^Jf^K- (2.11) 
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It is easy to check that the equations of motion (|2.3| ) are satisfied by (|2.4| ), (|2.1CI| ), 
Plugging this into the entropy function (p.6|) yields for the black hole entropy 

SBuiq) = 27r V/^i/i2/i3/^4 = 77^ = TTT Aor , (2.12) 

(jr4 4(jr4 

in agreement with the Bekenstein-Hawking formula. 

In order to express the entropy directly in terms of the electric charges q^, one 
has to invert the last equation in In lowest orders of the gauge coupling this 

gives rise to the expansion 

fij = q'{l- djPs + (dj (3/32/33 + PiPd - [P^f^z) + 4/34) + ... ) , 

(2.13) 

in terms of the symmetric polynomials 

A = Y.i(i^ , p2 = Y.KJ 0.^(1^ , /^a = Y.i<j<K Q^Q'^Q^ , p4 = qimm , 

and with 9/ = For the entropy this leads to the expansion 

^BH = '27i^^(l-\g''l32 + \g^ [3(3^, + 2^,(3^ + ^Pa) (2.14) 
- 3^ {5f3l + 9/?i/32/?3 + (31 + 5f3l(3, + 20(32(3,) + . . . ' 
The expansion drastically simplifies in two particular cases: 

Ungauged theory 

At g = one finds = fii leading to: 

Vi = V2 = i^/qlq^q^ , = (-^^^^^^^^^1/4 ' ^ 2q^ V^^^^qm , (2.15) 

and one recovers the known result 

SBuiq) = 27!- y/q^jj^q^ , (2.16) 
for the entropy in terms of the physical charges. 
Equal charges q^ = q 

In the case of equal charges, the last equation in ( p.ll| ) can be explicitly solved for 
fi and one obtains the explicit solution 



v^i + 12^2^2 _ I ^/rTTV^-i 

ej= ^ ^ =, (2.17) 
2^1 + 12g^q^ 
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and the black hole entropy 



expressed directly in terms of the electric charges q. 
3. AdSs static black holes 

Next we consider the U{1)^ gauged supergravity in = 5 dimensions. This theory can 
be obtained as a truncation of the maximal = 8, 5*0(6) gauged supergravity [59] 
down to the U{1)^ Cartan subgroup of 5*0(6). The bosonic action can be written as 

R - iX]f;^uF''^' - \ xf d,Xj d'-Xi - V 



S = — / d'a;v^ 



with / = 1, 2, 3, uj^'''^'^^ = -(v/=^)~\ and 
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= 2d[X] ' V = -Ag'J2^^^ X,X,X, = 1 . (3.2) 

1=1 

The equations of motion derived from this Lagrangian are: 
RfMu — \Xj F^^ F^'^ — i d^Xj djjXi — i g^i, [R — ^XjF^"^ — \ [Xj^dXif — V^) = 
^{\X]F''^\{Xj'dX,f^V) = ^, 

d,{^g X] F^^') + I \euK\ uj^"""'^ F/, F% = ^. (; 

We search for non-rotating black holes with near horizon AdS2 x S'^ geometries 

- dt^ + — j + V2dVL^ , 

Xi = ui , = - eirdt , F^^ = ej , (3.4) 

rffig = i [de"^ + dtfj'^ + d(f)'^ + 2d(j)dtlj cosO] , < < 27r , < (j) < An , < ^ < vr , 

with constants ui,ei,Va, and U3 = l/{uiU2). 

As before we denote by /(e, v, u), the supergravity action evaluated on the back- 
ground ( p.4|) and integrated over the three-sphere: 



f{e,v,u)= / dOdcj) dif) C{e,v,u) . (3.5) 



The entropy function F{q, e, v, u) is again defined as the Legendre transform of / 
with respect to the charges e/, i.e. 



e, V, u) = 2-k aq^ - /(e, v, u) 

= 271 



eiq 



8G, 



-V1V2 



-- + - + > ifr + V 



.(3.6) 



Note that the Chern-Simons term does not contribute to the action in the near 
horizon geometry (|3.4|) . The near horizon geometry is again found by extremizing 
F: 

dF _ OF _ dF _ 
dej dva duj 

The first equation defines the electric charges q^ as 

3 







(3.7) 



f{e,v,u) 



2 2 



* F^ 



(3. 



In the following we will take Gs = ^ in such a way that the charges q^ are normalized 
to be integers. This normalization is justified in Appendix |^. The G5 dependence 
can be restored by the rescaling (|A.11| ) of the physical charges q^ . 

Evaluating the entropy function at the minimum {eo{q} , VQ{q) , UQ{q)) one finds 
the entropy of the corresponding black hole solution as a function of the electric 
charges q. 



SsHiq) = F{q, eo{q), Vo{q), Uo{q}) 
3.1 The solution 



(3.9) 



In analogy to the four-dimensional case above we introduce three independent pa- 
rameters fij to parametrize Ui^2 and V2- The general solution of (|3.7|) can then be 
written as 



Ui 



(/il/^2/i3)^/^ ' 
(/Xl/i2/i3)^/^ 



V2 = (/Ui/ia/Us)^''^ , 



/^l/^2/i3(l + c/^ 'E.j^if^j) 



It is easy to check that equations of motion ( p.3| ) are satisfied by ( p.4| 
this solution we obtain from ( |3.6| ) for the entropy of the black hole 

1 



Sbr = 2ti./J^JI^ 



n'^V2 

2Gr 



4G. 



-A 



hor 



(3.10) 
(|3:T0|) . With 

(3.11) 
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again in agreement with the Bekenstein-Hawking formula. 

In lowest order of the gauge coupling we obtain the following expansion 

/i, = (l - i djP^ + I {diW2 + 5Ps) - m + •••), (3-12) 
in terms of the symmetric polynomials 

I KJ 

For the entropy this implies 

Sbh = 2ny%(l-lg'P, + lg^ (3/3^ + - g'^ (5/3? + 9A/32 + S/Jg) 

+ ^g^ {35 (3t + llQplp2 + 20/32' + 136/3i/?3) + • • • ) (3.13) 
Again drastic simplifications occur for (7 = and for all charges equal = q: 
Ungauged theory 

At (7 = we have fij = q^ and the solution takes the explicit form 

1 q^ 1 
V2 = Avi = (gig2g3)^ , uj = -j , e/ = — ^ ^/qimi , (3.14) 

(gig2g3)3 ^9 

and the black hole entropy is simply given as 

Sbh = 27r^gig2g3 ■ (3.15) 

Equal charges q^ = q 



In this case the above formulas reduce to 

4(1 + 3^?V) 



/i 



2(1 + 3(?V) 

with black hole entropy 



e/ = T77^^^l$^. q = /iVl + 2^V, (3.16) 



TT^J 1 



5BH = 27r;.='/2 = ^ = i^Aor, (3.17) 

expressed in terms of a single parameter /x. If instead we choose to express S'bh 
directly in terms of the charges q we have to invert the last equation in (|3.16| ). A 
closed form for the entropy in this case is given by the more involved expression 

S'bh = — I , 4> = I arcsin(3v/3g5'') . (3.18) 

sin (f) + cos (j) + (2/3) sin 3(f) 
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4. Rotating black holes in AdSs 



Finally we consider rotating black holes with squashed AdS2 x near horizon ge- 
ometry^ 

-rdt^ + — j + \v2 [o-l + (Tl + v^{(Tz-ar dtf] , 

Xi ^ ui , 

= -ei rdt+pias , F^^. = a , F^g = pi sin 9 , 

aj + a^ = de^ + sin^ Odij:'^ , a^ = d(t) + cos Odil: , (4.1) 

with constants ui,ei,pi,Va, and a. The constants a,V3 and pi parametrize the 
breaking from the 50(4) isometry of the non- rotating solution down to SU (2) x C/(l) 
once the angular momentum is turned on. 
The entropy function is then given by [29] 

F{q, e, V, u) = 2n (aJ + eiq^ - f{ei, a, Va, uj)) 



= 27r 



a J + ejq^ + —- \eijK\eipjPK (4.2) 



3 1 

TTVi^l ^1 / 2 8 — 2^3 V2Vza^ yr-^ cjuj y—^ pjuj 



Notice that now also the Chern-Simons term contributes to the action. The fact 
that the Chern-Simons term depends explicitly on the potential rather than on 
the field strength F^^, requires a slight modification of Sen's algorithm. First, the 
presence of the Chern-Simons term modifies the definition of the electric charge . 
This can be easily implemented in the entropy function by the redefinition q^ — q^+c^ 
with chosen such that q^ are conserved quantities. Luckily the induced by the 
Chern-Simons term are independent of ej, uj, and Va such that this modification will 
modify neither the attractor equations nor the black hole entropy. Second, due to 
the presence of the Chern-Simons term, the equations of motion for A^^ 

= ^a^(^ F^f") + i \euK\ 00^"-"^ F/a K , 

= 2 2 ^ l^iJKie p , (4.3) 

are no longer automatically satisfied as a mere consequence of the extremization 
equations 

OF OF OF OF ^ 

. (4.4) 



0(\ dej duj dva 



^Squashing here refers to the full product, still the metric has the AdS2 isometrics, see [60]. 
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Rather, equations (|4.3|) have to be considered in addition to the extremization equa- 
tions ( |4.4|) and determine the fluxes pi in the ansatz ( [4.1|) . 

The resulting solution describes the near horizon geometry of a black hole with 
electric charges and angular momenta J given by 



3 1 

— f{e,v,u} - —^leijKlPjPK = ei - ——\eijK\pjPK 

oej 0G5 oG^Vi 2G5 



5 3 

J = f m V. u) = = -i- / *dK . (4.5) 



Here K = denotes the Killing vector associated with the angular rotation. The 
shift = — \ ^ijk \ PjPk has been chosen in such a way that the integrand in the 
definition of is closed on the mass shell 



d{X] *F') + l\eijK\F-^ AF"" = . (4.6) 

This allow us to identify q^ with the conserved charge'^. As we explained before 
neither the solution nor the entropy depends on the c^'s. In the rest of this section 
we describe the different subcases for which we can give explicit solutions to 

(El- 



4.1 BPS black holes 

Let us first discuss the case of extremal BPS rotating black holes. These black hole 
solutions have been found in [44]. 

In this case, we can give the general solution of (|4.3| ), (4.4) again in terms of 



three independent parameters /x/ and their symmetric polynomials 



7i = , 72 = yU//^ J , 73 = /ii;U2/i3 

/ KJ 



^J.F.M. thanks L.Alvarez-Gaume and C.N. Pope for useful discussions on this point. 
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as follows 



1/3 

73 1/3 
1 , 2 ^^7i ^72 

V3 = l + g 7i - - — , a - 



473 (l + <72^^)^473(l+^72 7i)-^7'7i 

^473(1 + ^^71) -^^72 1 / N ^73 

/ ,12/ X ^^73 J 9-^2(^13(1 + 9^ li) - 9^12) 

q = f^i + ^9 t^idi- f^i) - ^ — J= 77 4.7 

2fxi I673 



Plugging this into (|4.2|) we obtain for the entropy 



3 1 

TT^f I 1 



^BH = 2n^is(l + 9'li)-l9'll = = ^Aor, (4.8) 

reproducing the result of [44]. In order to compare the results it is helpful to note 
that the parametrization of the squashed 74^5*2 x near horizon geometry given 
in [44] 

dslps = -f dT^ + 2/^ w dTas + f'^ b'^ dR^ + \R^ f-^ (al + al + ca|) , 

f = R'lf\ ^ = -^. h = l + 9'l.. c=l + /7i-^, (4.9) 
translates into the standard form (14.11) with 



1 



d2 2 6 7| -1 72 c/ 

r = R , dt = —= dT , vi = — , ^^2 = 73 , ^3 = 0, a - 



' ^ 46 ' ^ ' ^ ' 26^7^0 

in agreement with (|4.71 ). 

4.2 Non-extremal black holes 

These considerations can be extended to non-extremal black holes. For simplicity we 
focus on the case of equal charges = q. The general solution of equations ( |4.3| ), 
can then be expressed in terms of two independent parameters /z, > 1 as 



ui = 1 , Vi = 4(^^ + 3g^iJ,) ' = /i , = /i ^A^ , (4.10) 



A. A„ A. 



2/i(cu-l)(l + 3^2^) ' ^ 2fi(l + w)' A,(l + 3^2^) 
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with 

Aa = ^^"^ t J2I2UJ{UJ - 2) + 4^V(^' - 2cu + 1) 



A, = ^ W2fiuj(uj + 2) + 2^V(^^ + 2cj - 2) ■ (4.11) 

Co'"' 



Plugging this into (|4.2| ), we find for the entropy 



3 1 



5BH = 27rA, = f^p^ = -^Al,or . (4.12) 

It is interesting to note that although for a generic choice of the parameters /i, u 
the black hole solution found here is non-supersymmetric, the charges can be chosen 
in such a way that the BPS bound is saturated. More precisely, for the particular 
value u = 2 the formulas obtained here reduce to 



ui = i , ei 



/^V4 + 3^V 1 / ,12 2 

4(1 + 3,V) ' ^^ = ^^^' ' =^ + ^^ ^ 



^^ 1,32 ^9^/J^ 



4(1 + 3^V)' ^ ^ (l + 3^V)v/4TW 



J=^g^^A + 3^7^) , 5bh = 27r /.^/^ y'TTf^ , (4.13) 

that agrees with the general BPS solution ([4.7|) after taking all charges equal fii = /i. 

Another interesting limit of the solution ( [4.10| ) is the unrotating case studied in 
last section. This is given by setting 

a; = 1 + , ^ . (4.14) 
V^+2^ 

Indeed it is straightforward to check that at this value the above formulas reduce 
to (|3l6|) . 



5. Higher derivative terms 

Finally we consider asymptotically Anti-de Sitter black hole horizons in higher deriva- 
tive gravity. In contrast to the case of Poincare supergravities, higher derivative cou- 
plings in gauged supergravities were rarely studied in the string literature. Awaiting 
more realistic Lagrangians here we illustrate the entropy formalism in an archetype 
toy example: the Einstein-Maxwell system in presence of a Gauss-Bonnet term and 
a cosmological constant 

^ = T7r7r [ d'xy^{R-\F' + A + aCGB) , (5.1) 
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with the Gauss-Bonnet term 

I^GB = Rf.u.pR'"""' - m^^uR^" + R^ . (5.2) 

The parameter a measures the deviation from Einstein gravity and it depends on the 
particular string model under consideration.^ 

The equations of motion following from (|5.1| ) are: 

R^lv — ^Ff^aFu'^ + a ^ Idt^f {R " \F^ + A + a Cqb) = , 

d^iy^Fn = , (5.3) 

with 

-p— — = 2(_R„o-p5 Ru'^^^ — 2 R^"" Rapvu — 2 i?^ R^„ + R R^u) , (5.4) 
up to total derivatives. We look for AdS2 x 5"^^^ near horizon geometries: 

ds^ = vil-r^dt^ + —j +V2dQd^2 , For = e . (5.5) 

The extremization equations of the entropy function can now be explicitly solved in 
the different space-time dimensions. 

d=4 

In four dimensions, evaluating the entropy function for this system yields 



F{q, e, v) = 2tt 



V1V2 / 2 2 8a e 



2 



4G4 \ Vi V2 V1V2 2vi 



(5.6) 



The extremum of F{q, e, v) (for a fixed q) can be conveniently parametrized in terms 
of V2: 



V2 



Plugging ( [5.7| ) into the entropy function (|5.6| ) one finds the black hole entropy 

^BH = ^{V2 + 4a) . (5.8) 

The a-term gives the deviation from the area law due to the Gauss-Bonnet term. 
Interestingly, the presence of the Gauss-Bonnet term in 0? = 4 does not modify the 
near horizon solution but only the black hole entropy. This is consistent with the 
fact that in d = 4 the a-dependent term in the equations of motion ( |5.3| ) cancels once 
evaluated on AdSo x S"^. In (i = 5 this will be different as we shall see. 



^See [61-63] for an analysis of the boundary terms needed by the regularization of the action for 
Einstein-Gauss-Bonnet- AdS gravity. 
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d=5 

In five dimensions the entropy function is given by 



F{q, e, v) = 2tt 



eq 



TCV1V2 

~8g: 



2 6 24a 

+ + 7r^ + ^ 

vi V2 V1V2 2vf 



(5.9) 



Tlie extremum of F{q, e, v) (for a fixed q) can be conveniently parametrized in terms 
of tlie spfiere radius V2: 



V2 + 4a 



V2 + 4a 
4 - faA 



^ ^12t;2-i-2A, g=^^3-|t;2A.(5.10) 



Plugging ( ^.10 ) into the entropy function (^.91) one finds the black hole entropy 



^2„,2 



'BH 



2a. 



{V2 + 12a) . 



(5.11) 



The a-dependent term represents the deviation from the area law due to the Gauss- 
Bonnet term. 



6. Conclusions 

In this paper we applied the entropy formalism to the case of gauged supergravities 
which admit asymptotically AdS electrically charged black holes with AdS2 x S'^^'^ 
horizons. Using Sen's algorithm we have determined the fixed near-horizon geome- 
tries for four and five- dimensional static black holes, for rotating five-dimensional 
black holes and finally for AdS black holes with higher derivative corrections of 
Gauss-Bonnet type. In each case we find horizons with fixed scalars, AdS and sphere 
radii, determined entirely in terms of the gauge coupling, the black hole electric 
charges and the angular momentum. 

The explicit dependence on the gauge potential via the Chern-Simons term in 
the five-dimensional gauged supergravity requires a slight modification of the entropy 
function algorithm. We have illustrated this in the case of five-dimensional rotating 
black holes. Once the black hole rotates, magnetic fluxes pi should be turned on 
and the Chern-Simons term starts contributing to the action. The inclusion of this 
term leads to a redefinition of the black hole electric charge q^ ^ q^ + with 
depending only on the magnetic fluxes and not on the metric or scalar fields. This 
implies in particular that neither the attractor equations nor the entropy depends on 
and therefore can be adjusted to account for the Chern-Simons correction to 
the electric charge. The fluxes pi are determined by an extra constraint coming from 
the gauge field equations of motion to be imposed in addition to the extremization 
conditions of the entropy function. Nicely, this leads again to a family of black hole 
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near horizon solutions parametrized only by the black hole electric charges and the 
angular momentum. 

In the case of Einstein gravity, the near horizon geometries derived here can 
be recovered by considering the zero temperature limit of the general black hole 
solutions [39-50] . In this limit one finds a single horizon with AdS2 x S*"^"^ topology. 
We stress the fact that in the gauged theory, zero temperature black holes are not 
necessarily supersjTiimetric. A non-BPS black hole solution is known to be classified 
by its charges (electric charge, angular momentum, etc.) and its mass. The condition 
of zero temperature relates the black hole mass to its charges. This implies that there 
is a unique black hole solution with AdS2 x S'^~'^ horizon for a given choice of the 
charges. This is precisely the result coming from extremizing the entropy function. 
The precise matching between our solutions and the T ^ limit of the general non- 
extremal black hole solutions is shown explicitly in appendix |B| for static black holes 
and in section |4.1| for the five- dimensional BPS case [44]. 

It is tempting to speculate about the generalization of the expressions for the 
entropy ( p.l4[ ), ( |3.13| ) to the full Af = 8 theories. For the ungauged case (7 = it is 



well known that the first term in the expansions is replaced by the quartic and cubic 
invariants of the global symmetry groups Ej and Eq, respectively [64]. The gauging 
of the theories is most conveniently described in terms of an embedding tensor which 
parametrizes the deformation in order g and comes in a particular representation 
of the global symmetry groups [65]. This suggests that e.g. the second term in the 
expansion (|2.14| ) will be replaced by an Ej invariant built from six charges and two 



embedding tensors. Indeed, there is a single nontrivial Ei invariant combination 
of these representations which might thus generalize the expansion ( 2.14 ) to lowest 
orders. 

It would be nice to explore the implications of our results to gauge/gravity holo- 
graphic correspondences. In particular, the AdS^ entropy formula provide explicit 
predictions on the partition function of gauge invariant operators in A/" = 4 SYM. 
In addition the AdS2 x S''^"^ solutions found here can be used as starting points of 
new holographic relations between quantum mechanical systems living on the AdS2 
boundary and the gravity physics near the horizon. 
We hope to come back to some of these issues in the near future. 
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A. Physical charge units 

In this appendix we explain the normalization of physical charges adopted in the 
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text. Electric charge units do not depend on the couphng constant g, therefore we 
can restrict ourselves to the ungauged limit g = 0. The five and four- dimensional 
supergravities studied here can be embedded into compactifications of type II super- 
gravities on and respectively. The black hole solutions in this limit reduce to 
the well known 3- and 4-charge black hole solutions of the maximal supergravities. 
Here we normalize our charges in such a way as to match the electric charge units 
coming from black holes built out of branes in string theory. The formulas in this 
appendix follow the notations and conventions in [66]. We refer the reader to this 
reference for further details and a complete list of references on the subject. 

Newton constant 

with string length is = y/a', string coupling constant gg, and the volume Fio_d of 
the compactification manifold. 

4-charge black hole 

The Einstein metric of a 4-charge black hole in d = 4 dimensions can be written as 

ds^ = -{HiH2HiHi)-'^ dT^ + (H^H^HsH^)^ {dr^ + r^dn^) , 

H, = l + ^, (A.2) 
r 

with integers Ni counting the number of brane constituents and some constants Cj 
parametrizing the brane tension. In the near horizon r — 0, the black hole geometry 
becomes 

1 1 dv'^ 1 

ds^ = -{cNiN2N3N4)-2 r'^dT'^ + {cNiN2N3N4)^ — + {cNiN2N3N^)2dQ2{A-^) 

with 

c = ciC2C3Ci = fj-^ = iGl . (A.4) 

Notice that although Cj depends on the type of brane constituent and on the string 
model, c is a fZ-duality invariant quantity that depends only on G4. 

After a rescaling of dT the metric (|A.3| ) can be put into our standard AdS2 x 
form ('E.4I) with 



Vi=V2 = yJcNiN2N^Ni = 2Giy/ N1N2N3N4 . (A.5) 
Taking G4 = ^ and comparing (A.5) with (2.15), one finds agreement with the 



identification = A^j, i.e. the are integers. It is important to note that 6*4 can be 
reabsorbed by a simultaneous rescaling of qi and Sbu- Therefore the 6*4 dependence 
in the main text can be restored by sending 

qi (8G4) q^ , Sbh ^ (8^4) ^BH . (A.6) 
Clearly, the g^'s defined in this way will not be integers. 
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3-charge black hole 

The Einstein metric of a 3-charge black hole in d = 5 dimensions can be written as 

ds'^ = -{HiH2Hs)-^ dT'^ + {HiH2H^Y^ {dR^ + R^dVL^) , 
H^ = l + -^. (A.7) 

In the near horizon r = i?^ — ^ 0, the black hole geometry becomes 

1 1 dv'^ 1 

ds^ = -{cNiN2N3)" dT^ + (cATiATaATg) 2 + {cNiN2Ns)^dn3 , (A.8) 

with 

c = C1C2C3 = = { — -) . (A.9) 



n 



Again c is a [/-duality invariant quantity depending only on G5. 



After a rescaling of dT the metric ( |A.8| ) can be put into the standard AdS2 x 5*^ 
form ( p.4|) with 



t;2 = Avi = {cNiN2N3)^ = [—^) ' {NiN2N3)^ . (A. 10) 



Taking G5 = j and comparing ( [A.10|) with ( p.l4|) , one finds agreement with the 



identification = A^,, i.e. the qi are integers. 

It is important to note that G5 can be reabsorbed by a simultaneous rescaling 
of qi and ^bh- Therefore the G5 dependence in the main text can be restored by 
sending 

qi , Sbr~^[ ] Sbh . (A.U) 



7r / V TT 



Clearly the gj's defined in this way will not be integers. 



B. Black holes at T = 

In this Appendix we show that the AdS2 x S"^^"^ geometries derived in the text agree 
with those coming by taking the zero temperature limit of the most general non- 
extremal black hole solutions in = 4, 5 dimensions. For simplicity we focus on the 
static case. We refer the reader to [51] for details and references on the AdS black 
hole solutions quoted in this Appendix. 
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d = A case 

The general non-extremal and static asymptotically AdS black hole solution of U{1)^ 
gauged supergravity in d = 4 can be written as^: 

dsl = H-^ f de + if-' dr^ + dn^) , 

TJ 

Xi = , = dHj^ coth pidt , (B.l) 

H 

with 

f = l-'^ + Ag\'H\ H' = H,H,H,H,, Hj = l + ^^^^^. (B.2) 

The parameters f3i and m parametrize the electric charges and mass of the black 
hole. For a generic choice of m the black hole has two horizons at r± given by the 
zeros of /. The two horizons coincide when = r+ = r_, i.e. when both / and its 
first derivative vanish at r = tq: 

f{ro) = /'(ro) = . (B.3) 
Denoting 

= roHj{ro) , (B.4) 



7l = X] '"^ ' ^2 = 5]^ , 73 = ^ filfijfiK , 74 = /Ul/i2/U3/^4 



equations ( |B.3|) can be solved for m and ro in terms of /x/: 



= ^ Y74 + i^^7| , ro = ^m- lg^-f3 . (B.5) 

The temperature of the black hole is zero for this choice and the horizon geometry 
takes the AdS2 x S'^ form with 

V, = 1 H{ror f"{ro)-' = , V2 = H{rof = i ^tI , (B.6) 

1 + 5' 72 



in precise agreement with (|2.11 
d = 5 case 

The general non-extremal and static asymptotically AdS black hole solution of U{1)^ 
gauged supergravity in c? = 5 dimensions can be written as^: 

dsl = fdt^ + H {f-^ dr^ + dVti) , 

Xi = ^ , = dHj^ coth pidt , (B.7) 

H 



^The X/'s here are the inverse of the X^'s used in [51] 
^The Xj's here are the inverse of the X^'s used in [51] 
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with 



f = l-^^+9'r'H\ H' = H,H,Hs, Hj = l + ^^^^^. (B.8) 



The parameters f3i and m parametrize the electric charges and mass of the black 
hole. For a generic choice of m the black hole has two horizons at r± given by the 
two positive zeros of /. The two horizons coincide tq = r± when parameters are 
chosen such that both / and its first derivative vanish at the horizon: 

/(ro) = /'(ro) = . (B.9) 
Denoting 

fii = rl Hj{ro) , 7^ = ^ , 72 = yU/yWj , 73 = /^i/^2/^3 , 

/ KJ 

equations (|B.9|) can be solved for m and tq in terms of fij: 



m = g^A-f3 + g'^-il , Tq = 2^ - ^ ^ 72 • (B.IO) 

The temperature of the black hole is zero for this choice and the horizon geometry 
takes the AdS2 x form with: 



1 



^ 1 

V, = \TtH{T,)nT,r^ = , V, = rlH{ro) = ll , (B.ll) 

J- + fl' 7i 

in agreement with (|3.10| ). 
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